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We study the intersection pattern of planes associated to an immersed incompressible surface in a 3-manifold. We
establish the "nite plane intersection property for immersed incompressible surfaces in certain 3-manifolds. For
geometrically "nite surfaces in closed, hyperbolic 3-manifolds, we show that there exists a "nite cover of the surface
cover in which all the sheets are embedded. ( 1999 Elsevier Science Ltd. All rights reserved.
INTRODUCTION
A key conjecture in the theory of 3-manifolds is that every closed, orientable, irreducible
3-manifold M with in"nite fundamental group has an immersed closed, orientable incom-
pressible surface. This is equivalent to asserting that the fundamental group contains the
fundamental group of a closed, orientable surface. We call such a surface an essential surface
in M. There are stronger versions of the above conjecture, originally raised by Waldhausen
and discussed extensively by Thurston. Three other forms are:
f M has a Haken "nite cover. (This is called the virtual Haken conjecture.)
f M has a "nite cover with b
1
(M)’0.
f M has a "nite cover which is a surface bundle over the circle. (A surface which lifts to
a "ber of a "bration in some "nite cover of M is called a virtual ,ber.)
Recently, there has been some progress in constructing essential surfaces via cubulations
of non-positive curvature [1] and by negatively curved and combinatorially negatively
curved Dehn surgery [2]. More recently, Cooper and Long [4] have shown that all but
"nitely many surgeries on a single cusp hyperbolic 3-manifold contain essential surfaces.
The conjecture that every essential surface in a closed, irreducible, atoroidal 3-manifold lifts
to an embedding in a "nite sheeted cover, would imply that the "rst conjecture above is
equivalent to the virtual Haken conjecture. In [12], an example is given of an essential
surface in a graph manifold which does not lift to an embedding in any "nite sheeted cover.
Thus the assumption that the manifold be atoroidal is necessary.
As suggested by the above discussion, a central goal in the study of essential surfaces is
to shed light on the class of non-Haken 3-manifolds. In the event that such a 3-manifold
contains an essential surface, it was shown in [9] that the surface can be homotoped so that
the complementary components are simply n
1
-injective handlebodies. Moreover, the image
of the surface is then a 2-complex whose fundamental group surjects onto n
1
(M). We thus
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de"ne a 3-manifold M to be surface saturated if M is non-Haken, orientable and irreducible
and M contains an essential surface.
Gabai et al. [7] have shown that a 3-manifold which is homotopy hyperbolic is
hyperbolic. A theorem of Culler and Shalen [5] asserts that an atoroidal, virtually Haken
3-manifold which is not Seifert "bered is homotopy hyperbolic. Thus, if one could establish
the virtual Haken conjecture, it would follow that a surface saturated 3-manifold with no
toroidal subgroup in its fundamental group is hyperbolic.
Separation properties of essential surfaces in "nite coverings are therefore key properties
to study. One partial result in this direction is due to Long [11], asserting that a totally
geodesic essential surface lifts to an embedding in a "nite cover. A strong intriguing
conjecture is that fundamental groups of hyperbolic 3-manifolds are LERF (that is, given
any "nitely generated subgroup H of n
1
(M), and an element x N H, there exists a "nite index
subgroup K containing H, but not x). It is easy to see that if n
1
(M) is LERF, then any
essential surface lifts to an embedding in a "nite cover. While one hopes that this conjecture
is true, it is not even known that given an essential surface in a hyperbolic 3-manifold, there
exists a "nite cover of the manifold containing more than one lift.
Least area surfaces have been an important tool in the understanding of the intersection
combinatorics of essential surfaces. In [6], it is shown that if an essential surface S in
a closed manifold is homotoped to be a perturbation of a least area representative, then the
collection of lifts of S to the universal cover consists of embedded planes intersecting only in
lines. Moreover, if M
S
denotes the covering of M associated to the fundamental group of S,
then there is an embedded lift of S to M
S
. [Note that we are using a somewhat non-standard
use of the word &&lift’’. We refer to the planes in the universal cover lying above S as lifts of S,
even though, formally speaking, they are lifts of the universal cover of S.]
One important combinatorial property introduced by Scott [14] and further explored in
[10] is the k-plane intersection property. An essential surface satis"es the k-plane intersec-
tion property if it can be homotoped so that every collection of k lifts in the universal cover
contains a pair that do not intersect. The crucial feature of least area representatives for us
in this context is that they &&intersect least’’, which manifests itself in the fact that if two lifts
of the surface to the universal cover do not intersect then the corresponding lifts of the least
area representatives do not intersect. It is not too hard to show that if an essential surface
lifts to an embedding in a "nite cover, then it satis"es the k-plane intersection property for
some k. Thus, it seems natural to ask whether essential surfaces satisfy the k-plane
intersection property for some k. If such a k exists, then we say that the surface satis"es the
,nite plane intersection property (FPIP). In this paper we establish this property for essential
surfaces in certain classes of 3-manifolds.
THEOREM 1.1. Suppose M is a ,nite volume, hyperbolic 3-manifold. „hen every essential,
geometrically ,nite surface in M satis,es FPIP.
One should note that, by work of Bonahon and Thurston, in the case that an essential
surface in a "nite volume hyperbolic manifold is acylindrical (i.e. that the only curves on the
surface which are freely homotopic to the boundary of the manifold are the boundary
curves of the surface), the surface either is geometrically "nite or is a virtual "ber. Thus,
Theorem 1.1 tells us that all essential, acylindrical surfaces in "nite volume hyperbolic
manifolds satisfy FPIP. Since all surfaces in a closed hyperbolic 3-manifold are acylindrical,
Theorem 1.1 tells us that all essential surfaces in such manifolds satisfy FPIP. The argument
in the closed case generalizes to the setting of Gromov hyperbolic groups and quasi-convex
subgroups (see [8]).
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A result of Scott [13] says that the fundamental groups of Seifert "bered spaces are
LERF, which immediately implies that every essential surface lifts to a surface which is
homotopic to an embedding in a "nite cover. Hence, all essential surfaces in Seifert "bered
spaces satisfy FPIP. In light of Thurston’s geometrization program, which provides a de-
composition of a 3-manifold into hyperbolic and Seifert "bered pieces, it seems reasonable
to try to prove FPIP for Haken manifolds by applying FPIP to the pieces. A result of
Rubinstein and Wang [12] provides an example of an immersed surface in a graph manifold
which does not satisfy FPIP, thus providing a limitation on such an approach. Nonetheless,
one can show the following result. Suppose M is a Haken 3-manifold whose toral decompo-
sition consists solely of hyperbolic pieces. Suppose that S is an essential surface in M. Then
the decomposition of M gives rise (after a homotopy of S) to a decomposition of S into
subsurfaces which are essential surfaces in some geometric piece of M.
THEOREM 1.8. Suppose M and S are as above and that every subsurface is geometrically
,nite. „hen S satis,es FPIP.
One important aspect of the study of essential surfaces is understanding various
properties of the surface cover, the cover associated to the surface subgroup. To this end, we
prove the following result
THEOREM 2.1. Suppose M is a closed hyperbolic 3-manifold and S is an essential surface in
M. ‚et M
S
denote the surface cover of M. „hen there exists a ,nite cover of M
S
in which every
lift of S is embedded.
This, in fact, provides an alternate proof of FPIP in the case of a closed hyperbolic
3-manifold, as we shall see in due course. This theorem then provides a simple picture of the
surface cover. In the "nal section we speculate on a topological classi"cation of essential
surfaces in surface saturated 3-manifolds suggested by the &&geometrically "nite-geomet-
rically in"nite’’ dichotomy existing in hyperbolic 3-manifolds.
1. FPIP FOR HYPERBOLIC MANIFOLDS
The aim of this section is to establish FPIP for essential surfaces in "nite volume
hyperbolic 3-manifolds.
THEOREM 1.1. Suppose N is a compact 3-manifold such that M"Int(N) is a ,nite volume
hyperbolic 3-manifold. Suppose S is a geometrically ,nite essential surface in N. „hen
S satis,es FPIP.
Remark. In the event that N is closed, a proof was found independently by Mahan
Mitra. The proof in this case generalizes to the case that N is negatively curved, and in fact,
to the case that n
1
(N) is Gromov hyperbolic (see [8]).
We begin with an elementary lemma that allows us to pass to "nite covers when
studying FPIP.
LEMMA 1.2. Suppose (S, f ) is an essential surface in M and that (S @, f @ ) is a lift of S to
a ,nite cover M@ of M. „hen S satis,es FPIP if and only if S@ does.
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Proof. Let % denote the collection of lifts of S to the universal cover MI . We consider
a regular "nite cover M@@ of M which factors through M@. Let S
1
,2 , Sn be the "nite set of
lifts of S to MA, and let %
i
denote the collection of lifts of S
i
to MI for i"1,2 , n. Then
%"X%
i
. Similarly, let %@ be the subset of % consisting of those planes which get mapped
to S@. Now it is clear that if S satis"es the k plane property, then so does every S@. Similarly, if
S@ satis"es the k-plane intersection property, then so does one of its lifts, say S
1
, in M@. Now
as M@@ is a regular cover of M, all the S
i
’s are identi"ed under the "nite group action whose
quotient is M. Thus, every S
i
satis"es the k-plane intersection property. If each S
i
satis"es
the k-plane intersection property, then by the pigeonhole principle, S satis"es the nk-plane
intersection property. 2
We now discuss some background material necessary for the theorem. We suppose that
M is a "nite volume hyperbolic manifold and that S is an essential, geometrically "nite
surface in M. Let !"n
1
(M), a lattice in H3, and let *"f
*
n
1
(S)(!. Let % denote the
collection of lifts of S to the universal cover MI "H3. If f factors through a covering map
S pPS@ f@PM, then by Lemma 1.2, f satis"es FPIP if and only if f @ does. Thus, we may
assume that f does not factor through a covering map, so that the stabilizers of elements of
% correspond precisely to conjugates of *.
We will be studying the intersection pattern of elements of %. We "rst homotope the
surface as follows. Let N*"H3/*. Let C* denote the convex hull of the limit set "(*).
The convex hull C* descends to a "nite volume convex core in N* . We homotope f so that
the lift of f to N* lies in the convex core. This can be done by moving the base point to the
convex core, "xing an ideal triangulation of the universal cover of S, and mapping all
the simplices to straight simplices. It then follows that for each P3%, P lies in the convex
hull of the limit set of its stabilizer. Thus to show that two elements of % do not intersect it
su$ces to show that the associated convex hulls of their stabilizers do not intersect. If P3%,
we will use "(P) to denote the limit set of the stabilizer of P and C
P
to denote the convex hull
of "(P).
We "rst record some elementary observations and known results which we will make
use of in the course of the main argument.
f Shrinking of sequences of planes: As ! is discrete, and * is geometrically "nite, any
sequence of convex hulls of planes MC
Pi
N exits every compact set in H3. Now it is an
elementary fact about hyperbolic space that there exists a function e(R) with e (R)P0
as RPR so that if D is a convex set lying outside of the ball of radius R about the
origin, then the diameter of D is less than e (R) in the Euclidean metric on the Poincare‘
ball model. Thus, there exists a subsequence of MP
i
N which shrinks to a point on the
sphere at in"nity.
f Intersections of limit sets: A result of Susskind and Swarup [15] asserts that if H and
K are two geometrically "nite groups in H3, the limit set of HWK is the intersection of
the limit sets. Moreover a result of Susskind [16] tells us that HWK is geometrically
"nite as well.
f ‚imit point classi,cation: Suppose G is a Kleinian group. A limit point x of G is said
to be a conical limit point if every geodesic in H3 with endpoint at x has a neighbor-
hood containing an in"nite sequence of orbit points (of a particular point in H3)
which approach x. The point x is said to be parabolic if it is stabilized by some
parabolic element of ! and is said to be a bounded parabolic ,xed point (bpfp) if
("(!)CMxN)/stab(x) is compact. A theorem of Beardon and Maskit [3] asserts that
every limit point of a geometrically "nite Kleinian group is exclusively either a conical
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limit point or a bounded parabolic "xed point. (A nice way to see this is by
considering the characterization of geometric "niteness as having a compact thick
part of the convex core. Thus, every geodesic either goes out the end of the cusp or
recurs in the thick part in"nitely often.)
f Fundamental domains: Suppose G is a geometrically "nite Kleinian group. Suppose
that E is a fundamental domain for the action of G on )(G), a domain of discontinuity
for G acting on S2
=
. Then the boundary points of E in S2
=
consist of bounded
parabolic "xed points.
We say that a subset S of % is full if every two elements of S intersect. We will need the
following lemma which controls the number of lifts in % which can share a parabolic "xed
point.
LEMMA 1.3. „here exists a bound on the size of a full set of planes in % which share
a parabolic ,xed point in the limit set.
Proof. Suppose that there is no such bound. Then there exists a sequence of full sets
S
n
"MQn
1
,2 ,QnnN each of which has a common parabolic "xed point. Since there are only
"nitely many conjugacy types of parabolic "xed points, we may assume that there is
a common "xed point p for all the elements of every S
n
. Consider the upper half-space
model H with p at in"nity. A theorem of Thurston [17] asserts that there exists a "nite
collection of free homotopy classes of loops, c
1
, ..., c
n
, in S such that if a3n
1
(S ) is mapped to
a parabolic element of * then a is freely homotopic to a multiple of some c
i
. It follows
that there exist a "nite collection of slopes in the boundary of M which are images of
loops in S.
Since p is a bpfp of every stab(Qn
i
), it follows that "(Qn
i
) lies in a strip ‚n
i
on the #oor ofH;
since these limit sets are translates of one another, the strips can all be chosen to have the
same width. Each such ‚n
i
has a slope; by the above result, there are only "nitely many such
slopes. Thus, we may pass to a subsequence of MS
n
N and to subsets ofS
n
so that every ‚n
i
has
the same slope. Now since the stabilizer of p in ! is discrete, and the strips all have the same
width, there is a bound on the number of such strips which pairwise intersect. If ‚n
i
and
‚n
j
do not intersect, then Qn
i
and Qn
j
do not intersect, as required. 2
We now wish to understand how many full subsets there are up to the group action.
Two subsets of % are said to be conjugate under ! if there exists an element of ! carrying
one to the other. We can now speak of conjugacy classes of full subsets of %.
LEMMA 1.4. For every k’0, there exists a ,nite number of conjugacy classes of full
subsets of % with k elements.
Proof. We prove this by induction on k. For k"1 it is clear. Suppose that the lemma is
true for k!1 but fails for k. Thus, there exists a sequenceS
n
of non-conjugate k-full sets. As
the lemma is true for k!1, we may assume, after passing to a subsequence, that the "rst
k!1 elements agree. That is, there exist planes P
1
,2 ,Pk~13% and a sequence of planes
Q
n
3%, such that
S
n
"MP
1
,2 ,Pk~1 , QnN.
We let H
i
"stab (P
i
) and K"YH
i
.
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We will now make use of the fact that the sequence of planes MQ
n
N is shrinking in the
Euclidean metric on H3 to conclude that the P
i
’s share a point at in"nity. We wish to
conclude further that this point is a parabolic "xed point of each H
i
. To do this, we let
E denote a fundamental domain for the action of K on )(K). As K stabilizes each P
i
, we are
free to translate theS
n
’s by elements of K without a!ecting the P
i
’s. We translate theS
n
’s by
elements of K so that for each n, "(Q
n
) intersects E. Now we pass to a subsequence ofS
n
so
that MQ
n
N shrinks to a point q3S2
=
. As each P
i
intersects every Q
n
, it follows that q3"(H
i
)
for every i. By the result of Susskind and Swarup discussed above, the point q in fact lies in
"(K). Furthermore, as each "(Q
n
) intersects E, it also follows that q is a boundary point of E.
Thus, by the fact about fundamental domains above (described before the statement of
Lemma 1.3), the point q is a bounded parabolic "xed point of K and therefore a bounded
parabolic "xed point of each H
i
.
We now consider the upper half space model HK with q at in"nity. As in the proof of
Lemma 1.3, the limit set "(H
i
) lies in a strip ‚
i
on the #oor ofHK . Since the stabilizer of q in
K is non-trivial, it follows that all the strips ‚
i
are parallel. Moreover, the fundamental
domain E for K lies in a strip perpendicular to the ‚
i
’s. Now "(Q
n
)WE is approaching q, the
point at in"nity, and is intersecting each ‚
i
. Thus, diam(Q
n
)PR in the Euclidean metric on
the #oor ofH. This leads to a contradiction as follows. Using elements of ! which "x q, we
can arrange to obtain a sequence of elements of % whose limit sets intersect a compact
region D in the #oor ofHK and whose diameters are getting arbitrarily large. Thus, this new
sequence of planes accumulates on two points in the ball model, contradicting the shrinking
principle. 2
Proof of „heorem 1.1. Let R be the diameter of the thick part of the convex core of
H3/stab(P), for some P3%. Let N be the maximum number of planes which intersect a ball
of radius R in H3. We choose m’N and so that m is larger than the number of elements of
% which share a bounded parabolic "xed point. Suppose there exist arbitrarily large full sets
S
n
of elements of %. By Lemma 1.4, we can arrange that the "rst m agree, which is to say
that there exist planes P
1
,2 , Pm which lie in every Sn . We let Hi"stab(Pi) and
K"Y(H
i
). We choose an in"nite sequence MR
n
N of elements of % with R
n
lying in
S
n
CMP
1
,2 ,PmN. As in the proof of Lemma 1.4, we have that the sequence MRnN has
a subsequence shrinking to a point q3S2
=
which lies in "(K). It follows that K is
non-trivial, and by our choice of m, q is a conical limit point of K. Choose a geodesic l in H3
connecting q to another element in "(K). As q is conical, there exists a point p on
l projecting to the thick part of M. Now for each P
i
, p projects to the thick part of the
convex core of H3/stab(P
i
), and thus P
i
intersects the ball of radius R about p, contradicting
our choice of m. 2
One can now generalize the above result to prove that immersed surfaces in geometric
3-manifolds resulting from gluing geometrically "nite pieces together satisfy FPIP.
The "rst step is to generalize the previous statements to planes that may not intersect,
but which share parabolic "xed points in the boundary. We say that a collection of planes is
boundary full if every pair share a parabolic limit point. One way to obtain arbitrarily large
boundary full sets is take the orbit of a single plane P by a parabolic subgroup whose "xed
point lies in " (P). The "rst fact we need is that if one has a large collection of planes which
share a common parabolic "xed point q, then there exists a large subcollection every pair of
which has limit sets which only intersect in q. The precise statement, whose proof can easily
be adapted from the proof of Lemma 1.3, is as follows.
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LEMMA 1.5. For each m, there exists a number N(m), such that if S is a collection of
N planes sharing a common parabolic ,xed point q, then there exists a subset of size m every
pair of which have limit sets which intersect only in q.
By following the same argument as in the proof of Lemma 1.4 one can show that if one
bounds the number of planes that share a common parabolic "xed point, then one can
bound the size of a boundary full set. More precisely, we say that a collection of planesS is
n-boundary full if it is boundary full and no more than n elements of S share a common
parabolic "xed point. Lemma 1.4 can now be easily adapted to prove the following.
LEMMA 1.6. For each k and n there exists a ,nite number of conjugacy classes of
n-boundary full sets with k elements.
Finally, using this lemma, one can then adapt the proof of Theorem 1.1 to prove the
following.
LEMMA 1.7. For each n, there exists a bound on the size of a n-boundary full set.
We now suppose that M is a closed geometric 3-manifold all of whose pieces are
hyperbolic; that is, there exists a collection T of incompressible tori in M such that every
component of MCT is a "nite volume hyperbolic 3-manifold. Suppose f is an essential
surface in M, then by a standard argument, we can arrange that C"f~1 (T ) is a collection
of simple closed curves such that each complementary subsurface is essential. That is to say,
f restricted to each subsurface is n
1
-injective and is boundary incompressible, in the sense
that there is no essential arc in the subsurface with boundary points in the boundary of the
subsurface which is homotopic into T rel endpoints.
THEOREM 1.8. Suppose M and f are as above and that each complementary subsurface is
geometrically ,nite in the geometric piece into which it maps. „hen S satis,es FPIP.
Proof. If S lies completely in a geometric piece, then the theorem follows from Theorem
1.1. Otherwise, let % denote the collection of lifts of S to the universal cover. Suppose
S
n
"MPn
1
,2 , PnnNL% are full sets. Let P denote the collection of lifts of tori in T to
the universal cover. Dual to P is a tree „ and one has a projection p :MI P„ de"ned in the
standard way. (Each plane P3P has a regular product neighborhood N:P]I which the
map p projects onto the I factor. Each complementary component of the union of these
product neighborhoods is collapsed by p to a vertex.) Each element of Pn
i
3S
n
projects to
a connected subtree „n
i
L„. It is not hard to see that a "nite, full collection of subtrees
shares a common point. Thus, for each S
n
, there exists M
n
LMI , a lift of some geometric
piece of M, which is intersected by every element of S
n
. Since there are only "nitely many
geometric pieces of M, we may, after a possible translation of S
n
, pass to a subsequence of
S
n
so that M
n
"M
1
is the same submanifold of MI . Let Qn
i
"Pn
i
WM
1
and let
S@
n
"MQn
1
,2 ,QnnN. Now since every subsurface of S satis"es FPIP, we may replace each
S
n
by a subset whose size approaches in"nity as nPR, so that any two elements in S@
n
do
not intersect. But since S
n
is a full set, every two elements of S@
n
share a parabolic "xed point
and hence S@
n
is a boundary full set. To see this, observe that since any two planes Pn
i
, Pn
j
3S
n
intersect but do not intersect in M
1
, they must both intersect some other geometric piece
M
2
. Thus in the tree „, the images p (M
1
) and p(M
2
) must share the geodesic joining p(M
1
)
and p (M
2
). The edge along the geodesic which has p (M
1
) as an endpoint corresponds to
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a shared parabolic "xed point in M
1
for Qn
i
and Qn
j
. As the size of S@
n
is growing with n, it
follows from Lemma 1.7 that the sets S@
n
are not all m-boundary full for any m. Thus we may
pass to a subsequence of S
n
so that the elements of S@
n
all share a common parabolic "xed
point q. By Lemma 1.5, we may then pass to a further subsequence so that every pair of
elements in S@
n
have limit sets which intersect only in q. Said di!erently, there exists a lift „I of
a torus in T, such that any two elements P, Q3S@
n
are disjoint and so that „I is the only
element of TI which intersects both P and Q. It follows that any two elements of S
n
must
intersect each other on the side of „I not containing M
1
. Now the plane „I separates
M
1
from a neighboring geometric piece M
2
. Once again, we may apply the precious lemmas
to conclude that for some large n, there exist a pair of planes P
1
, P
2
3S
n
for which „I is the
only element ofT which intersects both P
1
WM
2
and P
2
WM
2
. It then follows that P
1
and
P
2
are disjoint, a contradiction. 2
In closing this section, we mention a result on gluing virtual "bers.
THEOREM 1.9. Suppose S is a closed surface separated by an essential simple closed curve
a into two subsurfaces S
1
and S
2
. Suppose S is an essential surface in a closed 3-manifold
M partitioned into two submanifolds M
1
and M
2
by an incompressible torus so that S
i
is
a virtual ,ber in M
i
, for i"1, 2. „hen S is a virtual ,ber in M.
Remark. Note that here we are using a more restrictive notion of virtual "ber; that is,
that there is a lift of the surface itself, not some "nite sheeted cover of the surface, which is an
embedding.
Proof. Let M
S
denote the surface cover and let & denote the natural compact lift of S to
M
S
. The separating incompressible torus „ lifts to an annulus A in M
S
, which separates
M
S
into two manifolds MK
1
and MK
2
. The lift of S
i
to each MK
i
is a homotopy equivalence and
thus MK
i
is the surface cover of M
i
associated to the surface S
i
. One orders the lifts of a on
A by their distance to &. Since S
i
is a virtual "ber in M
i
, there is a number n
i
such that every
n
i
’th lift of a on A bounds a compact lift of S
i
in MK
i
. So every n
1
n
2
’th copy of a lies on
a compact lift of S in M
S
. We thus have compact lifts of S running out the end of M
S
, which
implies that S is a virtual "ber. 2
2. THE SURFACE COVER
We now suppose that M is a closed hyperbolic 3-manifold, that S is a geometrically
"nite essential surface in M, and that M
S
is the cover associated to S. We suppose, as in [6],
that S is a perturbation of a least area map, so that all the collection of lifts of S to the
universal cover of M consists of embedded planes intersecting only in lines. The aim of this
section is the following theorem.
THEOREM 2.1. Suppose M and M
S
are as above. „hen there exists a ,nite cover of M
S
in
which every lift of S is embedded.
Proof. As before, let & denote the natural compact lift of S to M
S
. As in [6], one has that
& is embedded. We let P
0
denote the plane in % which descends to &. Now suppose g:
SK PM
S
is some lift of S in M
S
. The surface SK lifts to some plane P3% and n
1
(SK ) then
corresponds to stab(P)Wstab(P
0
). Thus, by the result of Susskind and Swarup [16], n
1
(SK ) is
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a geometrically "nite Kleinian group, and in particular, SK is a surface of "nite type. That is
SK consists of a compact surface F together with half-open annuli A
1
,2 , An attached to the
boundary of F.
We now consider the collection of double curves C of the self intersection of SK . Each
closed double curve lifts to a quasi-geodesic which corresponds to an element in
stab(P)Wstab(P
0
). Thus, there is a compact neighborhood of & which contains the images of
all the closed curves in C. It follows that the set of closed double curves is "nite and hence
lies in some compact subset K of SK . We choose K to contain F as well. Now in the cover
M
H
associated to the subgroup H"n
1
(SK ), g lifts to a map g@ :SK PM
H
, which is an
embedding. In particular, the restriction to K is an embedding. We can now apply the fact
that surface groups are LERF [13] to conclude that there is a "nite cover N of M
S
in which
g lifts to a map g
1
whose restriction to K is an embedding. Furthermore, the fact that g@ is an
embedding, implies that the compacti"cation LM
H
of M
H
, which is simply )(H)/H, contains
an embedded collection of circles which form the compacti"cation of the annuli A
1
,2 , An .
Let r denote the projection of )(H) to LM
H
. Now LM
H
Cr("(P
0
)) is a covering space of LN in
which the boundary curves of A
i
lift to embeddings. Thus, we may apply LERF to conclude
that there is a "nite cover of N in which the A
i
compactify to embedded curves. It follows
that in this cover, the lift of g is an embedding.
We apply the above procedure to all lifts in M
S
which are not planes. As such lifts
intersect a neighborhood of the convex core of M
S
(which depends on the quasi-convexity
constant), there are only "nitely many such lifts and thus we may "nd a "nite cover in which
all lifts of & which are not planes are embeddings. We are now left with the lifts which are
planes. In the universal cover, these lifts correspond to planes whose limit sets lie in some
component of )(stab(P
0
)). Each (possibly immersed) plane Q in M
S
lies in a component E of
M
S
with the convex core removed. Thus QX"(Q) lies in EI X)(stab(P
0
). Note that n
1
(S) acts
properly discontinuously on EI X)(stab(P
0
). Since QX"(Q) is compact and n
1
(S) is LERF,
there exists a "nite cover of M
S
for which the projection map from EI X) restricts to an
embedding on QX"(Q), as required. 2
One can see that the condition that there is a "nite cover of the surface cover in which all
the sheets are embedded is stronger than FPIP. For suppose N is the "nite cover of M
S
in
which all the sheets are embedded. Let S be the collection of lifts to N which meet the
compact lift. By local "niteness, S is "nite, so let n"DS D . Now suppose that there exists
a full set „ in % consisting of n#2 elements. We can arrange, after translation, that some
element of „ projects to a compact lift in N. Thus, by the pigeonhole principle, two elements
of „ project to the same element of S, contradicting the fact that the elements of S are
embedded.
3. SPECULATIONS
The previous section tells us that in the case of a geometrically "nite surface in a closed,
hyperbolic 3-manifold, the picture of the lifts in the surface cover M
S
has a particularly nice
structure. More precisely, one has the following topological properties:
F1. There exists a "nite cover of M
S
in which all the sheets are embedded,
F2. There exist "nitely many lifts of S to M
S
which are not planes.
F3. There exists a compact core N of M
S
such that for every non-plane lift of S
g :S@PM
S
, the preimage g~1(g(S@)WN) contains a deformation retract of S@.
(Intuitively, N &&carries the topology’’ of each non-trivial lift.)
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Note that property F3 implies that each lift in M
S
is of "nite type, but it also says that
there are only "nitely many non-plane lifts. Property F3 is a consequence of the fact that in
the geometrically "nite case, the convex core in the surface cover carries all the closed
geodesics, and hence a neighborhood of the convex core contains a core of any other lift
which is not a plane. As mentioned previously, Thurston has shown that for closed
hyperbolic 3-manifolds, essential surfaces are either geometrically "nite or virtual bundles,
so that in the geometrically in"nite case, one has the following two topological properties of
the intermediate cover.
I1. There exists a "nite cover of M
S
in which all the sheets are embedded.
I2. Every sheet is either compact or of in"nite type.
Remark. Note that properties F2, F3, and I2 can be captured algebraically in terms of
intersections of conjugates of the surface subgroup. Properties F2 and F3 say that up to the
action of the surface subgroup H, there exist "nitely many non-trivial intersections of
H with its conjugates and that each of these non-trivial intersections is "nitely generated.
Property I2 says that all conjugates of H are either commensurable with H or have in"nitely
generated intersection with H.
We thus ask whether one could establish this dichotomy directly in the atoroidal
non-Haken case. That is, we say that an essential surface is topologically ,nite if it satis"es
properties F1}F3, and topologically in,nite if it satis"es I1 and I2.
Question. Is every essential surface in an atoroidal non-Haken 3-manifold topologically
"nite or topologically in"nite?
Remark. The example provided in [12] is an essential surface in a graph manifold which
does not have property I1, i.e there is no "nite cover of the surface cover where all the sheets
are embedded. Thus the assumption that the 3-manifold be atoroidal is necessary in the
above question.
In a subsequent paper, the authors explore how the above conditions can be used to
establish the topological tameness of M
S
.
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